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The s tabi l i ty  of s t eady - s t a t e  flow is cons ide red  in a medium with a nonlocal  coupling between 
p r e s s u r e  and densi ty.  The equations for  pe r tu rba t ions  in such a medium are der ived in the 
l inear  approximat ion .  The r e su l t s  of numer i ca l  integrat ion are given for  shea r  motion,  The 
s tabi l i ty  of pa ra l l e l  l aye red  flow in an inviscid homogeneous fluid has been studied for  a hun- 
dred y e a r s .  The ma thema t i c s  for  invest igat ing an [nviscid instabi l i ty  has been developed, and 
it has been given a phys ica l  in te rpre ta t ion .  The f i r s t  impor tant  r e su l t s  in flow s tabi l i ty  of an 
i ncompres s ib l e  fluid were  obtained in the paper s  of Helmholtz,  Rayleigh,  and Kelvin [1] in the 
las t  century.  He isenberg  [2] worked on this p rob l em in the 1920's ,  and a s e r i e s  of in te res t ing  
pape r s  by Tol lmien  [3] appeared  subsequent ly.  Apparent ly  one of the f i r s t  p rob Iems  in the 
s tabi l i ty  of a c o m p r e s s i b l e  fluid was solved by Landau [4]. The f i r s t  invest igat ions on the 
bounda ry - l aye r  s tabi l i ty  of  an ideal gas were  c a r r i e d  out by Lees  and Lin [5], and Dunn and 
Lin [6]. Mention should be made of a s e r i e s  of paper s  which have appeared  quite recen t ly  
[7-9]. In all the pape r s  ment ioned flow s tabi l i ty  is inves t igated in the f r a m e w o r k  of e l a s -  
s ica l  s ing le -phase  hydrodynamics .  Meanwhile,  in recen t  y e a r s ,  the p r o c e s s e s  by which p e r -  
tu rba t ions  propagate  in med ia  with re laxat ion  have been intensively studied [10-12]. 

1 .  F u n d a m e n t a l  E q u a t i o n s  

We cons ider  the p r o b l e m  of the s tabi l i ty  of r e l a t ive ly  sma l l  pe r tu rba t ions  in the s t eady - s t a t e  flow of a 
fluid with the following equation of s tate:  

5p = c~6p -~ ~dSp/dt -r- • ~', (1.1) 

where  5p and 6p are  sma l l  pe r tu rba t ions  of p r e s s u r e  and densi ty .  We shal l  neglect  the effect  of  v i scos i ty  
not caused by internal  p r o c e s s e s .  

Let the unper tu rbed  flow be defined by the re la t ions  

po=const, div V=O, V~=V(y). 

We shal l  a s sume  that the flow p a r a m e t e r s  osci l la te  about these  quant i t ies  

v~=V(y) + ~ ( x ,  y, z, t); 

vy--~(x, y, z, t); 

vz=~'V(x, y, z, t); (1.2) 

P=Po +'P(X, y, z, t); 

,o=p0 + ~ ( x ,  y, z, t), 

where  the sign ~ r e f e r s  to the smal l  f luctuating quanti t ies .  Writ ing the Euler  equation for  Eqs.  (1.2) and neglec t -  
ing quant i t ies  of the second o r d e r  of sma l lnes s  in the pe r tu rba t ions  and t he i r  der iva t ives  we obtain the follow- 
ing s y s t e m  of pa r t i a l  di f ferent ia l  equations: 
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o~,ot + vo~,'oz + Y v ' = -  (t/Oo)O~/Ox; 
oY/ot + voY/ox=-  (1/~,o)O~/ou; 

o'Tv/ot + voi 'V. 'ox--  (t/Oo)O~,'oz; 
o~,,ot + vooZ'o~ + ~,o(o'~/o~ + o'Y/ou + o~E,oz=o, 

(1.3) 

where the pr ime denotes differentiation with respec t  to y. The equation of state (1.1) is rewri t ten in 
form 

"~ c 6 9 + ~ ( 0 ~  O t +  VO~7iOx i§  • ~ = ~  . 2Fa'piOtOx + l,'"-O"p / Ox'). 

the 

(1.4) 

The sys t em (1.3), (1.4) has solutions which are exponential functions of the var iables  x, z, t.  We shall look 
for these solutions in the form 

W I =  IV(y) exp[ i~ (x - -c t )§  (1.5) 

li] ! 
In what follows we shall  r e s t r i c t  ourse lves  to investigating perturbat ions which are periodic in the spa-  

t ial  coordinates  x and z. Consequently, in this case o~ and y in Eq. (1.5) must  be real ,  and c can be complex, 

c--cr + ici. (1.6) 

If ~c  i in Eq. (1.6) is g r ea t e r  than zero,  then the per turbat ions Eq~. (1.5) increase  with t ime.  If (~c i is 
less than zero,  the per turbat ions  are damped. 

Substituting Eq. (1.5) in Eqs. (1.3), (1.4), we obtain a sys tem of ord inary  differential equations in y, 

- -  / - t  i~z(V c)u -+- vI = - ( i a / p o ) p ;  i~z(V - -  c)v=--  (l.'po)p'; 

ia( V - - c ) W  -: - - (  i'~/ po) p; 

(i~z/po) (V -- c)p _ iau  -'- v' § iyW::O; (1.7) 

p := cop -~ iu[3 (V -- c) p -- • 2 (V -- c)'~p. 

Let Vma x by the cha rac te r i s t i c  velocity of the unperturbed flow, and h its charac te r i s t i c  dimension. We 
introduce the dimensionless  quantities 

c---0 = c0,'Vmax = t/M, x - :  x/h,, y-'--- y,'h, z--: z 'h,  

~ - V h , - ~ = a h  --v=v/V,,,,,~. W -  W /V  . . . .  (1.8) 

-~= [~/hV ...... Y= • ~-, 

where M is the Math number.  

Using Eq. (1.8) we rewri te  Eq. (1.7) omitting the bar above the dimensionless  quantities: 

ia(V -- c)u ~, v V ' -  - -  i(zp, 

i a (V  - -  c ) v = -  p ' ,  

icz(V --: c ) W : - -  i?p, (1.9) 

i~z(V - -  c)p -" iczu § v' ~- i , IW--O 

p=(l/MZ)[i -i- ia~M"(V - -  c) - -  • -- c)"] 9 . 

Thus, the problem of the stabili ty of steady-state" flow reduces  to finding the eigenvalues of c for the sys -  
t em (1.9) which satisfy the specific boundary conditions of the perturbation.  It can be shown that the stability 
problem of th ree-d imens iona l  per turbat ions  is equivalent to the stability problem of two-dlmensional  pe r tu r -  
bations with a sma l l e r  Mach number  and a l a rge r  p a r a m e t e r f l .  Thus, we can res t r i c t  the t rea tment  to two- 
dimensional per turbat ions .  
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2 .  D e r i v a t i o n  o f  t h e  E q u a t i o n s  f o r  T w o - D i m e n s i o n a l  

V e l o c i t y  a n d  P r e s s u r e  P e r t u r b a t i o n s  

We now se t  W = 0  and y =0 in the  s y s t e m  (1.9). The q u a n t i t i e s  p and 
e q u a t i o n s  of  s y s t e m  (1.9) by  u s i n g  the  l a s t  two e q u a t i o n s ,  

1 = -  ia~*.M ~ (T" - -  c)  - -  •  ( [ "  o 
i a ( V - - c )  u + v V ' = ( i c ' u  + v ' ) -  M~(V-c)  - - c ) -  

iX ( V  - -  C) V = [ I @ i~.~-M 2 (l" --~ ) - -  • 2 (1" --  c~ 2 
�9 m .~ r~  ( v  - -  ~) - -  ( i ~ u  - .  v ' ) l ' .  

p a r e  e l i m i n a t e d  f r o m  the  f i r s t  two 

(2.1) 

(2.2) 

We now u s e  Eq.  (2.1) to  e x p r e s s  u in t e r m s  of  v: 

i~xu = [ l  + i@.~,~(v-- ~) --  • (V --  c)~ v ' - - v V ' ]  M"- (v - -~ )  
M ~ (V - -  c) ~ ( I - -  c)~M~ ( t  =- • - -  i ~ 5 I ~  ( v - -  c) - -  1 " ( 2 . 3 )  

Subs t i t u t i ng  Eq.  (2.3) in Eq.  (2.2), we ob t a in  

v" - -  v ' [V ' (V - -  c)M:(2 ~- i ( z ~ M : ( V  - -  c))/5] ,'-- v[ - -  &- - -  V " / ( V  - -  c ) +  

+ ~:M:(V - -  c)~,'(l + i~z~.W-(V - -  c) - -  • ~ (V - -  c)") + V'"- M: (2 + i~_~1~ (V - -  c))/A] = 0, 

A =  [t 4- i a ~ M 2 ( V  - -  c) - -  • - -  c)2]-[M2(V - -  c)2(t + • 2) - -  i a ~ M 2 ( V  - -  c) - -  1 ]. (2.4) 

I f  M = 0 ,  then  Eq.  (2.4) p a s s e s  to  R a y l e i g h ' s  equa t ion ,  def in ing  the  s t a b i l i t y  of  p a r a l l e l  f lows of  an in -  
v i s c i d  i n c o m p r e s s i b l e  f lu id .  

I f  f i = x = O ,  M e 0 ,  then  Eq.  (2.4) c o i n c i d e s  wi th  f o r m u l a  (5.3.20) in [13] i f  we se t  T = I  in the  l a t t e r .  

We r e t u r n  once  aga in  to  the  s y s t e m  (1.9). We e x p r e s s  v,  u, and p in t e r m s  o f  p: 

p={-xf-'/[{ + i=~M~(V - - c )  - -  • - c):l} p; 

v =  [ i "~( V - -  c) lp ' ;  (2.5) 

u = - - [ t / ( V  - -  c)]p - -  [ V ' / a " ( V  - -  c )"]p ' .  

Subs t i t u t i ng  Eq.  (2.5) in the  fou r th  e q u a t i o n  o f  s y s t e m ( 1 . 9 ) ,  we ob t a in  the  equa t ion  fo r  p: 

p "  - -  [2V'/(V - -  c)]p '  - - a ~ p { l  - -  M2(V - -  c)L'[l + 

+ i ~ M ~ - ( V  - -  c) - -  • - -  c)2]}=0. (2.6) 

I f  f l = x = 0 ,  then  Eq.  (2.6) c o i n c i d e s  wi th  the  equa t ion  fo r  p in the  c a s e  of  a c o m p r e s s i b l e  f lu id  (see ,  fo r  
e x a m p l e ,  [8]). F o r  f lows which  a r e  bounded  by  h a r d  w a l l s ,  Eq~. (2.4)-(2.6)  a r e  s o l v e d  with  the  b o u n d a r y  c o n -  
d i t i ons  

v]v=l=0; dp/dg[,~=t=O, 

w h e r e  l is  the  y c o o r d i n a t e  o f  the  wa i l .  

F o r  f r e e  f lows ,  a l l owing  f o r  the  fac t  t ha t  V '  =0 at in f in i ty ,  the  fo l lowing  b o u n d a r y  cond i t ions  can  be o b -  
t a i n e d  f r o m  Eqs .  (2.4), (2.6) fo r  p e r t u r b a t i o n s  which  i n c r e a s e  wi th  t i m e :  

Vlv=• PI ,=•  =0 .  (2.7) 

I f f l  =0 and 

1 'aM• > IV(co) - -  c] > l/M(1 + • 

t hen  p e r t u r b a t i o n s  which  a r e  n e u t r a l  in t i m e  do not v a n i s h  at in f in i ty  and Eq.  (2.7) i s  not  s a t i s f i e d .  In t h i s  
c a s e  the  b o u n d a r y  c o n d i t i o n s  r e d u c e  to  the  r e q u i r e m e n t  tha t  the  p e r t u r b a t i o n s  at in f in i ty  shou ld  d e p a r t .  

3 .  I n v e s t i g a t i o n s  o f  S h e a r  F l o w  S t a b i l i t y  

The s t a b i l i t y  p r o b l e m  was  s o l v e d  n u m e r i c a l l y  fo r  the  b a s i c  flow p r o f i l e  

V(U) = t h y .  (3.1) 

E i g e n v a l u e s  c w e r e  sough t  fo r  Maeh  n u m b e r s  l e s s  than  un i ty .  In o r d e r  not to  e n c o u n t e r  the  d i f f i c u l t i e s  a r i s i n g  
when c i =0 ,  Eqs .  (2.4) and (2.6) w e r e  s o l v e d  on ly  wi th  t h o s e  v a l u e s  of  ~ fo r  which  c i was  s t i l l  n o n z e r o  f o r  the  
g iven  Mach  n u m b e r .  
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T A B L E  1 

l~I 0 0,2 O,& 0,8 

(% c i 

0,05 0,914664 0,880269 0.792673 0,547393: 
0,i 0,836440 0,805063 0,723345 0,480605 
0,i5 0.7643i5 0,735587 0,659242 0,4t9158 
0,2 0,697455 0,671047 0,599557 0,362019 
0,3 0.576895 0,554264 0.491015 0,257844 
0,4 0.470451 0.450676 0.393933 0,t64127 
0,5 0,375022 0,35740i 0.3057i9 0,078692 
0,52 0,062465 
0,54 0,046496 
0,56 0.030772 
0,6 0.288324 0.272315 0.22~5i8 
0,7 0,208643 0,193847 0.148956 
0,75 0.i12951 
0,8 0.134669 0.120758 0.077983 
0.85 0.099496 0,085328 0.043955 
0,9 0.065387 0.052i05 
0,95 0.032250. 0,0i9202 

T A B L E  2 

c~ 

I ,~I=O,& M = 0 , 8  

cr I •  [ ~=0,2 •  [ z = O , 2  

0,1 0.723341 0.723337 0.480556 0.480508 
0,2 0.599535 0.599513 0.361682 0,36134a 
0.3 0.490963 0.490911 0.256814 0.255778 
0.4 0.393843 0.393754 0.161882 0.15~578 
0.5 0.305589 0.305460 0.074781 0.070655 
0.52 0, 0.058198 ().05367~ 
0.54 0.041877 0.031;960 
0.56 0.025809 0.020508 
0.6 0.224349 0.224179 0, 
0.7 r 0.148538 
0.75 0,112724 0.1i2495 
0.8 0.077737 0.077488 
n,85 0.043691 0.043423 

T A B L E  3 

cl 

I ~I=0,2 3I=0 .8  

0,1 0.805154 0.805990 0,496011 0,610520 
0.2 0,671166 0,672289 0.388198 0.542480 
0,3 0,554383 0,555553 0.291754 0,460170 
0.4 0,450782 0,451899 0,203215 0.377236 
0.5 0,357489 0.358516" 0,120289 0.297443 
0.6 0.272393 0.273320 0.041324 0,221685 
0.7 0,193899 0,194734 
0.8 0,120793 0,12i544 

! \ - %  
0 C.2 0,4 0,6 0,8 oc 

F i g .  1 

% , [ 

- - < . -  ~,6 j  , j 
0 0.2 .L .,z 0,6 M 2 

F i g .  2 
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On making  the subs t i tu t ion  

q~ = g ' / g  (3.2) 

the  homogeneous  l i nea r  s e c o n d - o r d e r  equa t ions  (2.4) and (2.6) r educe  to the non l inea r  Ricca t i  equat ion 

g,' +. q~- + aqo + b=O. (3.3) 

Here  g is the ve loc i ty  if  we take  Eq. (2.4), o r  the p r e s s u r e  if  we take Eq. (2.6); a and b are  the coef f ic ien ts  of  
the f i r s t  and z e r o t h  de r iva t ives  in the c o r r e s p o n d i n g  equa t ions .  The boundary  condi t ions  fo r  ~o have the f o r m  

r : ~ { i  - -  M2(t ~ c)2/[1 --  ia[~M'-(i  _ c) - -  • + c)~]}I:~; (3.4) 

~[,~=+~ : --~{~. --  M~(I --  cW[i + icr --  c) --  •  c)2]}i/2. (3.5) 
Here  the r e a l  par t  o f  the roo t  is l a r g e r  than z e r o .  

Equat ion  (3.3) was  so lved  n u m e r i c a l l y  by the R u n g e - K u t t a  method  in two ways .  In the f i r s t  the boundary  
condi t ions  (3.4), (3.5) w e r e  t r a n s f e r r e d  f r o m  infinity to the finite d i s t ances  Yl = - l  and Y2 = l  . 

F o r  c equal  to s o m e  c n the in tegra t ion  of  Eq. (3.3) began f r o m  Yl with the init ial  condi t ion (3.4), and the 
value of  q~ obta ined  at the point Y2 was then c o m p a r e d  with tha t  f r o m  Eq. (3.5). A new value of  c was  ca lcu la ted  
us ing  the method  of  s ecan t s  

c,~+l=c,~ + [(c~ - -  c , ~ _ 1 ) ( ~ ( c , ,  ) - -  % ( e , ~ ) ) ] / [ % ( c , ~ )  - -  r , (3.6) 

where  O2(Cn ) is the  boundary  condi t ion (3.5) ca l cu la t ed  fo r  c = en; r ) and ~n(Cn_l) a re  the va lues  o f  ~0 at 
the point Yz obta ined  f r o m  the solut ion of  Eq. (3.3) fo r  c =c. n and C=Cn_ 1. 

The p r o c e s s  was  cont inued  unti l  

rood (c~ - -  c~_i) ~ e. (3.7} 

It Can be seen  f r o m  Eq. (3.6) that  we mus t  have two app rox ima te  va lues  of  c to solve the p r o b l e m .  These  
w e r e  taken f r o m  r e s u l t s  p r e v i o u s l y  obta ined.  To check  the c o r r e c t n e s s  of  the ca lcu la t ions  the quant i ty  c was  
found independent ly  f r o m  Eqs .  (2.4), (2.6) by the s a m e  me thod  fo r  v a r i o u s  va lues  of  l .  When solving,  e was  
t aken  equal  to 10 -6 in Eq. (3.7), and the in tegra t ion  s tep  was  taken  to be A y = 0 . 0 1 .  

N u m e r i c a l  in tegra t ion  showed that  C r = 0  a lways .  It was  found that  fo r  I =3 

max [q - -  c~. I ~ 10 -~-, 

fo r  l =6 

max Icl - -  co[ ~ 10 -5, 

whe re  c i is the i m a g i n a r y  pa r t  of  c,  found by so lv ing  Eq. (2.4), and c~ is the i m a g i n a r y  pa r t  of  c found by 
so lv ing  Eq. (2.6). 

Only Eq. (2.6) was  so lved  by the second  method.  The fol lowing subs t i tu t ion  is made  fo r  the independent  
va r i ab le :  z = t a n h y a n d f r o m  Eqs .  (2.6}, (3.2), and (3.3} we obta in  f o r  the p rof i l e  (3.1} 

(t - -  z~)qo ' + q~2 --[2(i--z")/(z--c)lc~-&-Ii - -  M2(z --  c)2/(l + k z ~ M ' - ( z  - - c )  - -  •162 - -  c) 2) 1 -0 ,  (3.8) 

where  the p r i m e  denotes  d i f fe ren t ia t ion  with r e s p e c t  to  z.  The boundary  condi t ions  fo r  ~ (3.4), (3.5) are  taken  
at the points  z =1,  z = - 1 .  

It is c l e a r  f r o m  Eqs .  (3.4), (3.5), and (3.8) that  the value of  cp, at t hese  points  is i nde te rmina te .  Develop-  
ing th is  i n d e t e r m i n a c y  a c c o r d i n g  to l 'HSp i t a l , s  rule ,  we have 

- -  t " ~ - -  It -- ia~M~ (t + c) -- • z (t + c)2]ZJjz=_ 1 

- c a~lw- (t - c) (1 + 0,5ia~M 2 (l -- c)) 

~ n e p r o e e s s  o f s e a r e M n g  fo r  c is s i m i l a r  to tha t  d e s c r i b e d  in the f i r s t  method.  The d i f fe rence  between 
the va lues  o f  c o b t N n e d  f r o m  Eq. (2.6) as so lved  by the f i r s t  method  with I =6,  and by the second  method  was 
l e s s  than 10 -6, and so we can have conf idence  in e to five s igni f icant  f igu res .  

F o r  M = 0  and al lowing fo r  the d i s e r e p a n c y  in the n o r m a l i z a t i o n  of  V, the va lues  of  e i coincide  with the 
r e s u l t s  o f  [14], whe re  the ci a r e  given with an a c c u r a c y  to  four  s igni f icant  f i gu re s .  
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The values of  c i found for  fl=~=O, M~0 are  given in Fig. 1 and in Table 1 as functions of  the wave num-  
ber  ~. 

F~gure 2 shows how the quantity c i changes as a function of M ~ for  a fixed value of ~. Within the l imits  
of  accuracy  of the graph this  function is l inear  for  smal l  M s, and so by using the values of c i obtained p r e -  
viously we were  able to set  the initial  approximations for  c i successfu l ly  for  the o t h e r  Mach numbers .  It 
is c l ea r  f rom this  that for  shea r  flow the compress ib i l i ty  turns  out to have a stabil izing action on growing 
per turba t ions .  This agrees  with a l ready fami l i a r  r e su l t s  {see, fo r  example,  [8]). 

Values of c i are  given in Table 2 for  fixed values  of M, fl=O, and u r  It is c l ea r  that the flow becomes 
more  stable as ~ inc reases .  

Values of c i are  given in Table 3 for  fl~0, ~ = 0 .  In this  case the instabili ty is amplified. 
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